
Simple shell-model calculations

We assume that the residual interaction between nucleons is a delta interaction −gδ(r̄1 − r̄2)
without any dependence on spin or isospin. The matrix elements of the delta interaction
between two identical nucleons (i.e., either two neutrons or two protons) in a harmonic-oscillator
basis are given by
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We remind that oscillator quantum numbers are n, ` and j, and that Ψj2JMJ
(r̄1, r̄2) is a nor-

malized, anti-symmetric two-nucleon wave function coupled to total angular momentum J and
with z projection MJ . Furthermore, a normalized, anti-symmetric, coupled three-nucleon wave
function can be written as
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in terms of the CFPs
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Under the assumption that only one state exists for a given J (i.e., if j ≤ 7/2), this leads to
the following three-nucleon energies

E(j3[J ′]J) ≡ 〈j3[J ′]J |V |j3[J ′]J〉 = 3
∑
J ′′

[j2(J ′′)jJ |}j3[J ′]J ]2〈j2; J ′′|V |j2; J ′′〉. (5)

Clebsch-Gordan and Racah coefficients can be calculated with Mathematica:

(j1m1j2m2|j3m3) = ClebschGordan[{j1,m1}, {j2,m2}, {j3,m3}],{
j1 j2 j3
j4 j5 j6

}
= SixJSymbol[{j1, j2, j3}, {j4, j5, j6}]. (6)

1. The energy spectrum of 210Pb. The nucleus 210Pb has a closed shell for the protons at
Z = 82 and two valence neutrons above the N = 126 shell closure.

• Give an empirical argument why the neutrons are expected to occupy the 2g9/2 shell.

• What are the expected angular momenta in the low-energy spectrum of 210Pb? Com-
pare with observation.

• To apply expression (1) one needs a value for G. Derive this parameter from binding-
energy data. Hint: The binding energies of the nuclei 208Pb, 209Pb and 210Pb can be
found in Wang et al., Chin. Phys. C 36 (2012) 1603.
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• The value of G can now be used to predict the energy spectrum of 210Pb. Com-
pare the prediction (1) with observation. What is the biggest discrepancy between
experiment and theory? Comment on possible reasons for this discrepancy.

2. Interpretation of the CFP expansion (4). The basis states [Ψj2J ′(r̄1, r̄2)×φj(r̄3)]
(J)
MJ

satisfy
the property of orthogonality and independence which is not necessarily the case for the
states Ψj3[J ′]JMJ

(r̄1, r̄2, r̄3).

• Consider the case j = J = 7/2. Construct all possible three-nucleon states with use
of the expansion (4), that is, for J ′ = 0, 2, 4 and 6. How many independent states
with j = J = 7/2 exist?

• Repeat the above analysis for j = J = 9/2 and J ′ = 0, 2 and 4. The three states
are different but are they linearly independent? What do you conclude in this case?

• Compare with the results in the m scheme (see Rick’s exercise).

3. The energy spectrum of 51V. The nucleus 51V has a closed shell for the neutrons at N = 28
and three valence protons above the Z = 20 shell closure.

• Give an empirical argument why the protons are expected to occupy the 1f7/2 shell.

• Deduce empirical two-body matrix elements of the residual interaction from the
energy spectrum of 50Ti.

• With use of the expansion (6) and the deduced two-body matrix elements, calculate
the energy spectrum of 51V and compare with the observed spectrum.
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