
Symmetry of the harmonic oscillator in three dimensions

The hamiltonian of a 3D harmonic oscillator is

Ĥ ≡ 1

2m
(p2x + p2y + p2z) +

1

2
mω2(x2 + y2 + z2), (1)

where m is the mass of the (spinless) particle and ω the frequency of oscillation. We use units
m = ω = h̄ = 1 such that no physical constant appears in the expressions. The uncertainty
relations then reduce to [x, px] = [y, py] = [z, pz] = i.

1. The harmonic oscillator in one dimension. The hamiltonian of the 1D harmonic oscillator
is

Ĥx ≡
1

2
(p2x + x2). (2)

We introduce the creation and annihilation operators

b†x ≡
√

1

2
(x− ipx), bx ≡

√
1

2
(x+ ipx). (3)

• Prove that [bx, b
†
x] = 1.

• We introduce the notation n̂x ≡ b†xbx. Prove that Ĥx = n̂x + 1
2
.

• Prove by induction that [bx, (b
†
x)k] = k(b†x)k−1. Hint: Make use of the following

operator relations:

[Â, B̂Ĉ] = B̂[Â, Ĉ] + [Â, B̂]Ĉ, [ÂB̂, Ĉ] = Â[B̂, Ĉ] + [Â, Ĉ]B̂. (4)

We define the states

|nx〉 ≡
√

1

nx!
(b†x)nx |o〉, (5)

where |o〉 is the vacuum which satisfies bx|o〉 = 〈o|b†x = 0.

• Prove the following properties:

bx|nx〉 =
√
nx|nx − 1〉, b†x|nx〉 =

√
nx + 1|nx + 1〉. (6)

• Prove that the |nx〉 is an eigenstate of Ĥx with eigenvalue nx + 1
2
.

One may therefore conclude that nx is the ‘number of quanta bx’ in the state |nx〉 and that
n̂x is an operator which has this number as eigenvalue (called the ‘number operator’).

2. The harmonic oscillator in three dimensions. We next consider the 3D harmonic oscillator
and introduce the creation and annihilation operators associated with x, y and z, as well
as the number operators n̂x, n̂y and n̂z, and their sum N̂ ≡ n̂x + n̂y + n̂z.

• Show that the states

|nxnynz〉 ≡
√

1

nx!ny!nz!
(b†x)nx(b†y)

ny(b†z)
nz |o〉 (7)

are eigenstates of Ĥ with eigenvalue N + 3
2

and degeneracy 1
2
(N + 2)(N + 1).
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• With use of the definition L̄ = r̄ ∧ p̄ of the angular momentum vector, derive the
components L̂i, i = x, y, z in terms of the creation and annihilation operators:

L̂x = −i(b†ybz − b†zby), L̂y = −i(b†zbx − b†xbz), L̂z = −i(b†xby − b†ybx). (8)

Show that L̂i are the generators of an SO(3) algebra.

• Show that the hamiltonian of the 3D harmonic oscillator has an SO(3) symmetry.
Does this symmetry explain the observed degeneracies?

3. Identification of the symmetry of the 3D harmonic oscillator.

• Prove that [Ĥ, b†ibj] = 0 for i, j = x, y, z.

• Show that [b†ibj, b
†
kbl] = b†iblδjk − b

†
kbjδil. The operators b†ibj are therefore the gener-

ators of an algebra which can be identified as U(3).

4. Eigenstates of the operators Ĥ, L̂2 and L̂z.

• Are the states |nxnynz〉 in general eigenstates of the operator L̂z?

• Let us consider the first-excited level with N = 1, which corresponds to the three
states |nxnynz〉 = |100〉, |010〉 and |001〉. Find the matrices that represent L̂x, L̂y and

L̂z in this basis. What is the angular momentum of these states? [Hint: Diagonalize
any of the matrices.]

• Let us consider next the second-excited level with N = 2, which corresponds to the
six states |nxnynz〉 = |200〉, |020〉, |002〉, |110〉, |101〉 and |011〉. Find the matrix

that represents L̂z in this basis. What are the eigenvalues of this matrix? What do
you conclude regarding the allowed values of angular momentum for N = 2?
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